/, E/jenvalues and eijenvecrou

Definition |

1" AR R vix CL 6 nPTRERG , 25T 2k A eC AIE uh

nie®-T & 1% 4%

Ax = AX

AN L A ZEFEA 8) #51LAK , X R A e N BA5TLEE

Definition 2 e n PIT 2B £% A = (aij)  #

F) = det (Al -A)

- )\;‘au —alz_ ‘Qu\
—a;, /\,'au - —lan
—Coy  =Cm o A-Cn

AR A 6 5L Y 12N . AL-A TRA A 6) 4410 KB FE

det CAL—A) = 0O
R A BV 4550 P RE

Theorem | (Ronk = Nullity Theorem FA-JZ it & A3E) I8 A € F™"

X 2% 8 nA)=ixeF | Ax=o] . %A

rank(A) + dim(N@)) = n
0O AMEEar N

. romkCA) = r(R) = "(Er) =r



@ r_— c Fl"t(n—n)

s R 6) F 29 4EF N(R) = N(A)

-F
P = [ E]
Zein
E~ F [ -F [—F+F]
RP:[O O] En-r]: 0 =0

B rp) = a-r W) T KL AL

OTF1: Re=0 @alsbx Jo P m3| % L&Y

7Y Az (x. 61 xeF" R, efF""

12 Rx = o Rr)
Er F Y X+ FX,
R’(:[O OHJ:[ 0 ]:O
Xl:—FKL
VT = [xl] ___['F&} __{"F x. = Px. A
Xz Ka Enr
07 N) = IxeF | xeP3
© YRI- -
renk (A) = r
_-_r-c/)):;q_p

dim (ANA) = dim (eRr)) = dim (C(P))
renkCA) +dim( \J(A)) = N a

Theorem > Tt @+« £ 17 -

(. AR A& 459l T8
A#mE IAL-Al =0 , X:HE K20 (AI-A)X =0

XE A &F AR LR E

().



(o= Cb)
Ao = AN X*Q
T (Al-A) % =0 ﬁa}.ﬂ}s«‘%kﬁr
ronk (AI-A) <n
2 [AI-A =0 Q
(b) D(a)

FYRZ O

Pr‘oposif)on | (e ) AR_A G 4FTLIB, (i | izre - m]

% Anb A B mT 5340 R% .
W YabelF . bAl+a ® bA+al 834572 1A.
fotil izr2,-m] & bA+al 27 bAta 69 44 1L )%

) VkemN: . AR A 4dara, (ol i=nm i &
AF 25 \F 68 11 b2

@ R ATME, A0 . R AR AT easdara [l =1,
m$ A AT ET AT 6 410 0%

W. A & A 6 4540 14
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(bA+ Q) X = bAR +0 X
= bAX + %
= (LAtal) x O

Aov = AFam) = AF Ax
= A s = A A2
= = Afx 0

' = AT

S Ax = AR A
IAT-Al =0
@ [L-A)T| =0
@ (A-A"l =0 0O
Adi =Axy =2 AKX = AKX

=2 AlZKiai) = A(Zkivi) O

Theorem & ( Lineor anqpenoboce of etgem/ectors) N, Ao, -

s R

EBE A 89 5 TR &Y 4HL 1. , [oj | j=120-- ) R A%F A
Qo T L ALK B9 H5TL E . ) B R toyl jmlo

i=r2, s ) PR KAL),

@Lﬁ_lﬂ;:‘-‘;j-?'f%% N=r=- = =|



() 4 s=| 27

Gy fBi% S=m-1 A [0, 0, -, Omi ] $£ 1874

i) 5 S=m &
A3 [k, k, - ka1l 1&
i Kioti =0
() Bl A

22,"_ Ki(Aoi) =0
DAs = Ao HR,
ékaﬂ.ip(i =0
() 2] F Am:
Z‘—";' Ki lm O =0
F (3) - () -
i,—ki(/\i‘ﬂm)o(*. = ZM_'_" Ki(Adi=Am) ot =
o os=me B POk, e} P ALK
Ha K ¢5) 4 -
Ki(Ai ~Am) =0 Y i=t2.-m-|
A A, o Am) BUF A (3)
Fiz=biz - =Km, =0
A 8 u) A
Km m = QO

AAm £O0 m =0 . :
< O WAk M

17 “C.I =0 %2 FO(-,"‘/ o é%’f"i:/_h{ S=m B & O

A7 L gt

c)

()

Ly)

.4)

15-)



% 3 tkyljzra-.r
5 5
LL ok%y = «©)
it %5 = J% k'-jOhj 2) Q) £ A
Z%] =0 (9)

VR L AT n] s Ak
4 % %'l =0 7@ Kiihn = K. = - =Kins =0

(Rik) 2%/ Tclina-s) I%¢ 43421%
(g #0 | iel] . 1%i=0l i¢l}

RA (D &:
"Z:-i %'l = 0 (o)
-
FRO#35 = Zkyohj teh 2 SieRALF A iel)
BO¥5LTR. . 90 Y, KMeEiL :
BT 45108 2 b AR E EQ Bk TR loE R K TEhe
($12 A 004840 0E . 182 1'% =0 sphad & L8] 7 Bhe, >
25 w) Z.5 =0 7!
4% 51 =0 0



2. Diagonalizafion cf Stiuare, Matrices

Theorem & A LRAR ML 2ARE AeF™, AAR nTHIEAL
S

63457 ¥

() =
€A A=PDPT s Dzoliaj(/l,,ﬂz, o An) P=(, e, 7, Xn)
A PATE (P b AL)
AP = PD
VI Al 7 Xe) = (0, oL 0) - diag LA An)
S (Ac, -, Ade) = (Adk1, -, Ludin)
Ack, = A X
A A KT A w4kt Y,
2 PB D i r0 A ME¥RL (i=s/2-.n) 0

) &
% &, 0, e B ABNTETEPEMBEALRE (£F L)
Axi = Aji i

ARL P = (o, o5 Xn) &7 1E BY

1)1k D = diag (A, - xa) R_2A A EF

# AP = Aloh, ~, o) = (As, = Acn)
= (Ao, =5, AnOw) = (0O, e, o) diag (A An)
= PD

A= PDPTY O



Theorem

S Bko [ i=te, st R ABY S TRIZ\6Y4s40 14 , A

Xﬁ\ Ai

Vi=txeF'| (Ll-A)x=0]

B9 4540213,  dim(Vi) A A (i=ke-s) K9 n/n;)ifilgeometvic

multiplicity ) . A-x3ht , 5A 3 Zi'l.dim(\/?) = n

N
A 7 2 Mt (&) %dim(\/}) = n

Ak Theorem T , HK14) LIl

>

AN

S
ZdimlVi) = n & ABnT HTY The sk e R-%

G BT Vi bR dim (Vi) T %t AhE6d 457L0-F
$
'S .Z'Tdim(l/;) -n , mwi. Theorem 3

+2 %) T N THIN ML sk r-E O

A ng 418 the rakie m-%
A B® 4L R-F &t MAAILZIRN Vi P (=)
[S
n < :%d?m(\/i)

nxn

h-h . X : (AM-A)x=0 &b (A1-A) €F

h
L w41 < no, 7
By A &) n ] B he sik i %



S
n 2 2:_1. dim (\/i)

S

R n= _dmwi) 0O

Theorem 6 g 715) 83 454018 Ay (G=r25), 2| 540 % 12K  (characraristic

polyngmial ) | A1-A| F k&t :

| AI-A ] =TT (a-1)" (Sri=n)

%\;ﬂj &y i A vy L EL 2 %5 ( aljebmic multipliciﬂ,l)

() BT AI4EE W6 L 1TE B < KB EFE A

dimtVi) & 0 Ci=rz, . 8)
b)) A MEmie, FdrE L EHR = KBTI
A is diagonalizable
& v dimvi) =
O R AR TR G, FA BIBT i w1 $FTLE 19 QA
VAL SHIE DN T 2

S
A& Theoem S . Afxh . © Zdim(Vi) = n
8
A Rk Ldim(Vi) =n & dimUi) = 1
0< -
N
Lro=n @ dim (Vi) =T

s
4 %dim(\/i} - n ]



d>
B G)E  dim(yi) <
%dim(\/:) S i' r, = rn
18 ZdimVi)=n FEHL
A ¥V dim(Vi) = I a
A T),z*‘h) it & i—? dim(\yi) = n
Vi RN BY $F4LE 09
Mo LBk Vi, T dim (Vi) TR RN
12 ¥ % 28 Gk F'oO

Corollary 2~ A% 24 &
© N + rmnkC AiIl-A) = n

"
N
Wn

Atk % & dim(Vi) =r

Vi % (Lil-A)A=0 &) M 29
dim(\/;) + ronk CAiI-A) = N
I'i + ronk(ATI-A) = A O



3. Eigenua(ues and &Hem/ecwrﬁ "f real s\clfsmmetﬁc matrices
T, A1) R HBR REEFF  Acr™
Lemmo | B AR A G 4FAL A, XA ALT A B HTLRE

B AR A AL, RAALTA W TR

AxX = A (- AeR™ .. A=A

A T AR = Ax = A = AR
 REQ X 40

A A LI, XAAXTA NIRRT O

Theorem | 49 A A R3] #R BE.P&  RSM : real Symmetric. matrix )
P A 6P A Ba40 TR ) % R k.
AeR™ ad A=A > i eR

.

LeC B A mHMiLth., 4510 (9% x= (Qutbii, Cuthail, -, Qatbni)
A = AR D™*FO0

D lemme | : ARXR= AR

S (AT = (X)) 2 FA = RXA=AK"

HE X AR R = RAX = X (Ax) = AR X
-—()L‘R %' R = (AA) (Cu=byi, -, Ga=bni) (Cuthii, -, an'fbni)T
= (A-2) Z_(0j+bj)
J7!



Ot X =(aj+b1)] =2 Zf+b’) 0

A-AL =0 =D AeRr a

Theorem & & %1 A & R 2 45 KB PG, W) A 61 F i3] 4% 4L /M 64

il (92 A M B T 4 6F ( arthogonal )

O ot RAERT AL A B LT (AEA)

A0(| :/Ll X, AD(>=A.L0(1,
A IXITD(), = (/LID(I)TO(L = (A 0(|)TD(>.

T A ™ = 00T ATK)

o (Ac) = o (A Xy)

I

= /],1 O(ITD(L
(Li-d) i'pta = O ( A £Ar)

MITML =0
(4. F& w9, 5L )



— Orthogona! Diaﬁonalrzation of  RSM

& Theoem 9 AR F x3 AR %BPFE. %3 He ELPE Q. B4%
QAG R —T R, 44 Fn A JLE R
A R Z 2| &R B%
A= aQDQ’
&t QW% PE (QRT=1) , D#4H XA

If D=QTAQ is diagonal, the symmetry of A follows from the representation A = QDQ™.

We now prove the converse by the induction method:
(i) Clearly, the conclusion holds when n
(ii) Assume the conclusion holds when n = m — 1.

(iii) Consider the case with n = m. Suppose A; is an eigenvalue of A with an eigenvector ;.
Since ¢y is also an eigenvector of A belonging to «; for any scalar ¢ # 0, we assume
||| = 1 without loss of generality. Expand «; to an orthonormal basis {c; : i

m} of R™, where all the vectors are unit vectors and orthogonal to each other,
using the Gram-Schmidt process as described in Theorem 11. Denote P = («a, ..., ayy),

Q1 = (a1, P) and Ay = PTAP. Then Q, is orthogonal. Since {a; i =1,...,m}

satisfy (\;‘IT(\‘I = 1 and (riT(rl =0 for2=2,...,m, we have (rlTA(\fl = /\1(\;‘1T(1»1 = )\ and

PTAay = M PTay = M\(aday,. .., ak o)t = 0. It follows that

m

- - af Aay ol AP _
Qi AQ1 = (v, P)" A(ay, P) = diag(\1, As). (10)
Pqu(l-'l ‘42

Since A, € Rm=Dx(m=1) ig symmetric, assumption (ii) indicates there exist some or-
thogonal matrix @y € R™=D*(m=1 and diagonal matrix Dy € R~ D*m=1) "gych that
Q37 A2Q2 = Dy. Let Q = Q1diag(1, Q) € R™ ™. Since

QTQ = diag(1,Q3)QT Qidiag(1, Q,) = diag(1, Qy )diag(1, Qs) = I,




we know () is orthogonal. Then, it follows from (10) that

QTAQ = diag(1,Q7)QT AQ diag(1, Q,) = diag(1, Q3 )diag(\;, A)diag(1, Q»)

v 2

= diag(\1, (2_?43(22) = diag(\y, Ds),

which is a diagonal matrix. This completes the proof.

Proposiﬁon > ARZ_ZA AL B it Amn 2 Amx %9 A B)-Fh A 2K &Y
Hadh th . H14EARkh | HQEF XeR" Clni=1), 7:

Amin € XTAX = Amax

A R R g R RE %
= A=QDQT @Q@R'=1 D=diag Ay An)
2 ¥ xeR"  xI| =1
A Y= QTx = y, =y
BooYYy= (@07 = QO = x'x =1lIxl=
Syl =1
1% x"Ax = XQDQx
= (@%)' D (Qx)
= y'Dy
- z Ai Y
WYl A Aem YT £ LY s Amw YT

Am?n ij;:— = Z_ Afl 3EL < /\,MM( Z 'j?l



R AYll= Ty =

So Amin £ Z Y = XAX = Amon

BER: K XKTAKX = Amax %)
5 AR = Amc K B XAX =X Amex X = Amox 11X = Amow
U x o AkT hmn W 4570 D%

Theorem (>

Ry AN PG A b7 68 . hdr¥% €A AL (A o I

R #6 PG A Xk 2 63 4% ERAALBE S @

<
4 y=Q'x  A=QDQ D= dng A, An)
f XAx = xTADQTx = (@%)TDEX)

= leDj
= é N Ej?

© YA >0 i XTAx = ZAiYi >0 ARz q

@V Ai 20 ﬁr XAx = Z)\a‘j'.’ 2 0 A % Ek'/-i 0

=2 (K B0 %))
@ v X B XAX > 0

kA= QDQT 0= dieg (A, s An)
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XAA = Gi Aoxi = T Aidi = Aillshl| > 0

Ai > 0 0



